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ABSTRACT
Owing to the mass-sheet degeneracy, cosmic shear maps do not probe directly the
Fourier modes of the underlying mass distribution on scales comparable to the survey
size and larger. To assess the corresponding effect on attainable cosmological param-
eter constraints, we quantify the information on super-survey modes in a lognormal
model and, when interpreted as nuisance parameters, their degeneracies to cosmolog-
ical parameters. Our analytical and numerical calculations clarify the central role of
super-sample covariance (SSC) in shaping the statistical power of cosmological ob-
servables. Reconstructing the background modes from their non-Gaussian statistical
dependence to small scales modes yields the renormalized convergence. This diagonal-
izes the spectrum covariance matrix, and the information content of the corresponding
power spectrum is increased by a factor of two over standard methods. Unfortunately,
careful calculation of the Cramer-Rao bound shows that the information recovery can
never be made complete, any observable built from shear fields, including optimal
sufficient statistics, are subject to severe information loss, typically 80% to 90% be-
low ℓ ∼ 3000 for generic cosmological parameters. The lost information can only be
recovered from additional, non-shear based data. Our predictions hold just as well for
a tomographic analysis, and/or full sky surveys.
Key words: cosmology: large-scale-structure of the Universe, cosmology : theory,
methods: statistical, methods : data analysis, gravitational lensing: weak
1 INTRODUCTION
During the nonlinear evolution from Gaussian initial conditions, Fourier modes of the matter density field gradually develop
statistical dependence, even though still uncorrelated due to statistical homogeneity. Thus a Gaussian approximation to es-
timating the cosmic variance and covariance of key cosmological statistics such as the power spectrum no longer holds. Yet,
a precise understanding of cosmic (co)variance is necessary for the ultimate success of the ambitious upcoming wide-field
surveys targeting cosmic acceleration such as LSST1, Euclid2, and WFIRST3. Perhaps the most intriguing non-Gaussian sig-
nature of the dark matter field, the principal aim of this paper, is the large impact of super-surveys modes, corresponding to
scales comparable to and larger than the survey size, on the cosmological constraints from the observed smaller scales modes.
Early work (e.g., Peebles 1980), has shown that on large scales the correlation function is affected by the local estimate of
the average density, and several estimators for the correlation function (Peebles 1980; Hamilton 1992; Landy & Szalay 1993;
Szapudi & Szalay 1998) were constructed to be less sensitive to the “integral constraint” characterized by the variance of
the number density of the survey proportional to the average of the two-point correlation function over the survey volume
(e.g., Szapudi & Colombi 1996). Rimes & Hamilton (2005, 2006); Neyrinck et al. (2006) identified the resulting loss of infor-
mation, the “information plateau”, in the context of Fisher information theory, grossly contradicting Gaussian expectations.
⋆ E-mail: carron@ifa.hawaii.edu
1 http://www.lsst.org/lsst
2 http://sci.esa.int/euclid
3 http://wfirst.gsfc.nasa.gov
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More recently, the impact of super-surveys modes on the power spectrum covariance (the super-sample covariance, hereafter
SSC) was elegantly characterized by the response of the the power spectrum to a change in the background density δb by
Takada & Hu (2013); Li et al. (2014a).
Both galaxy clustering and cosmic shear (see Bartelmann & Schneider 2001; Munshi et al. 2008; Weinberg et al. 2013,
for reviews) probe the dark matter distribution in the Universe. However, there is a clear distinction between the two in the
context of SSC. As pointed out most clearly by de Putter et al. (2012), the coherent fluctuations of the galaxy density field
and the total number number of objects (a direct probe of δb) reduce drastically the response of the spectrum and therefore
moderate the impact of the SSC. In contrast, cosmic shear fields do not feel the mass background mode δb due to the mass
sheet degeneracy. Thus there is no analog of observed mean density for cosmic shear, and one cannot simply recalibrate the
power spectrum or other observables to mitigate the effects of super-survey fluctuations, and the corresponding SSC. The
ultimate result, as shown later, is severe information loss. A promising approach to mitigate the impact of SSC in weak-lensing
survey is using additional data sensitive to the background modes in a joint analysis. An approach using cluster counts has
been advocated by Takada & Spergel (2014). In this work we explore the limits when using shear maps only.
The principal aim of this paper is to quantify the impact of the absence of δb on the total information content of shear
fields, and to explore the possibility of self-calibration to at least partially recover the lost information due to SSC. The key
idea is the following: cosmic shear measures the Fourier modes of the convergence field κ with the exception of the zero-mode
δb. Using the non-Gaussian statistical dependence of the Fourier modes one can partially reconstruct the zero-mode, thus
alleviating some of the information loss due to SSC.
We proceed with analytical methods, using a lognormal model (Coles & Jones 1991) for the convergence field statistics.
The field ln(1+κ/|κ0|), where |κ0| is the minimal value of the convergence, is modeled as a Gaussian field with the appropriate
two-point function and ensemble mean. Low dimensional lognormal probability density functions (PDFs) have been known
to reproduce accurately the dark matter and convergence PDFs (Bernardeau & Kofman 1995; Taruya et al. 2002, e.g.). Most
importantly, the lognormal model has been shown explicitly to reproduce well the impact of SSC on the spectrum information
content (Takahashi et al. 2014; Carron et al. 2014). Finally, our simple model will allow us to obtain analytical insights into
the effect of background modes. In particular, the joint Fisher matrix describing the degeneracy of δb, considered as a nuisance
parameter, to cosmological parameters is obtained exactly in this paper, allowing us understanding of the degradation in the
total information content of the shear field beyond the power spectrum.
The paper is organized as follows. Section 2 presents keys formulae on how well background modes can be reconstructed
from small scale modes in lognormal fields, together with the degeneracy of these modes with model parameters. Section 3
presents implications and tests of these results. After discussing our simulations of lognormal fields we implement in section
3.1 the background mode reconstruction yielding the renormalized convergence (RC). We discuss in sections 3.2 and 3.3 the
covariance matrices and information of the RC spectrum. Section 3.4 contains the main result of this paper: the impact of
the absence of the background mode on the total information content of the field. Section 3.5 deals with the case of full sky
tomographic surveys showing that the results are essentially unchanged. Finally, we summarize and conclude in section 4.
The appendix presents additional technical details on the derivation of our results.
2 RECONSTRUCTING THE BACKGROUND MODES
Let us consider a survey volume V regularly sampled at d number of points, xi. Thus there are exactly d discrete Fourier
modes. A field φ taking values on the grid can be written
φ(xi) =
1
V
∑
k
φ˜k e
ik·xi with φ˜k =
V
d
∑
xi
φ(xi)e
−ik·xi . (1)
Our discrete Fourier convention is such that in the asymptotic regime d, V →∞ we would recover
φ(x)→
∫
dnk
(2π)n
φ˜(k) eik·x with φ˜(k) =
∫
dnx φ(x)e−ik·x. (2)
The zeroth mode φ˜0 of the volume encapsulates the background super-survey modes, we write for it φb. We also define the
useful dimensionless spatial average
φ¯ =
φb
V
=
1
d
∑
xi
φ(xi). (3)
2.1 Generalities
Assuming a specific form for the d-variate PDF pδ describing the joint occurrences of the fluctuation field values, we can ask
how well we expect to be able to reconstruct an unseen zero mode δ˜0, and how it correlates with other parameters. We first
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note that the likelihood for the zero mode given the observation of the non-zero modes is given by the pδ itself
ln p(δ˜0|δ˜k6=0) ∝ ln pδ(δ). (4)
The curvature of left hand side as a function of δ˜0 is the inverse variance of the posterior for the background mode. Using
most conveniently the dimensionless local average density δ¯ = δ˜0/V , this curvature is on average nothing else than the Fisher
information content − 〈∂2α2 ln p〉 of the field on this parameter. Since δ(xi) = δ¯ +∑k6=0 δ˜k eik·xi follows ∂δ(xi)/∂δ¯ = 1 and
thus
∂ ln pδ
∂δ¯
=
d∑
i=1
∂ ln pδ
∂δi
and
∂2 ln pδ
∂δ¯2
=
d∑
i,j=1
∂2 ln pδ
∂δi∂δj
(5)
Therefore in full generality holds
Fδ¯δ¯ = −
〈(
d∑
i,j=1
∂2
∂δi∂δj
)
ln pδ
〉
. (6)
Likewise the degeneracy to a model parameter is described by
Fαδ¯ = −
〈(
d∑
i=1
∂2
∂δi∂α
)
ln pδ
〉
. (7)
2.2 Background modes in lognormal fields
We now state the results for the background mode extraction in lognormal fields upon which a fair amount of our subsequent
considerations is based. For full generality, we consider a numberNbin of jointly lognormal fields δn(xi) with zero ensemble mean
(in a tomographic analysis of a weak-lensing survey these fields represent the rescaled convergence fields δn(xi) = κn(xi)/|κ0,n|
where κ0,n is the total weight of the nth lensing kernel, see section 3 later for definitions and more details). The fields are
described statistically by Nbin ×Nbin hermitian spectral matrices Pnmδ (k)〈
δ˜n(k)δ˜
∗
m(k
′)
〉
= V δkk′P
nm
δ (k) (8)
Assuming periodic boundary conditions, these are Fourier transforms of the d× d covariance matrices ξnmδ . The log-densities
An(xi) = ln(1 + δn(xi)) form jointly Gaussian fields with covariance matrices ξ
nm
A (xi − xj) = ln(1 + ξnmδ (xi − xj)), and
ensemble mean vector 〈An〉 = −σ2A,n/2. The Fourier transforms of ξA are the spectral matrices PA(k), which are the most
natural variables to describe the lognormal field. There are Nbin background modes δ¯n.
Appendix A details the derivation of the following results. The Fisher information matrix on the background modes is
Fδ¯n δ¯m = e
σ2An eσ
2
Am
[
δnm d e
σ2An +
∑
k
[
P−1A (k)
]
nm
Pnmδ (k) +
(
PA(0)
V
)−1
nm
]
. (9)
The last term is the Gaussian limit where the modes are statistically independent. It only depends on the survey geometry.
The first terms are due to mode coupling and are directly proportional to the number d of modes available. For a given survey
volume the zeroth mode can thus be reconstructed meaningfully from the others provided the resolution kmax is large enough
for the first terms to be dominant. This happens roughly at the critical value n¯PA(0) ∼ 1, where n¯ = d/V is the number
density of grid points, in one to one correspondence to kmax. The degeneracy to a model parameter is described by the Fisher
matrix element
Fδ¯nα = e
σ2A,n
[∑
k
(
P−1A (k)
PA(k)
∂α
)
nn
+
Nbin∑
m=1
(
PA(0)
V
)−1
nm
(
1
2
∂σ2A,m
∂α
)]
. (10)
In stark contrast to a Gaussian field (for which Fδ¯α = 0, see (A2)), we find that all modes correlate equally with δ¯, and Fαδ¯ is
typically proportional to the number of modes present. Finally, the information matrix for model parameters in the lognormal
field is identical to the well known formula for Gaussian fields
Fαβ =
1
2
∑
k
Tr
[
P−1A (k)
∂PA(k)
∂α
P−1A (k)
∂PA(k)
∂β
]
+
(
1
2
∂σ2A
∂α
)t(
PA(0)
V
)−1(
1
2
∂σ2A
∂β
)
(11)
This last equation follows directly from the fact that the log-density fields A are jointly Gaussian with mean vector − 1
2
σ2A.
Before proceeding, a word of caution. Eqs. (10) and (11) hold assuming that κ0 is independent of the parameters of interest.
This holds throughout this paper as we will be interested in σ8 and the spectral index ns, κ0 being purely geometric. The
appendix provides the complete expressions including the derivatives of κ0 for completeness.
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3 TESTS AND IMPLICATIONS
We test the background mode reconstruction and the above results in a large ensemble of simulations of lognormal fields.
We simulate a square survey of L = 10 degrees on the side with d = N2 points on the flat sky. To generate each map as
realistically as possible we use the circulant embedding method (for details see Carron et al. 2014). The spectrum assigned to
the discrete Fourier modes is defined through the following equation
P discreteδ,A (ℓ) =
V
d
∑
xi
ξδ,A(xi)e
−iℓ·xi with grid points xi =
L
N
(
i
j
)
, i, j = −N
2
, · · · , N
2
− 1 (12)
The circulant embedding method uses Fast Fourier Transform (FFT) algorithms and is thus very fast. In contrast to more usual
FFT-based methods that sample directly the power spectrum it is also accurate : the field values on any subgrid of half the
side follows the exact (non-periodic) target covariance matrices. In particular the super-surveys modes are correctly accounted
for, even though, for simplicity, in this paper we use the full periodic box for which Eqs. (9), (10) and (11) hold exactly, with
PA, Pδ given by Eq. (12). The fluctuations of the density and log-density in the volume are described by P
discrete
δ,A (0), which
according to Eq. (12) get contributions from the continuous spectra at scales comparable to the survey volume. In the following
we suppress the superscript of the discrete spectra as it should be clear from the context what spectrum is meant. The number
of modes in our simulations is d = 2562. The periodicity of the simulated volume is clearly motivated by convenience and is
unphysical but the continuation of our results for a full sky survey will be easy to establish. The two-point function of the
convergence required in Eq. (12) as well as κ0 is set to match that of a vanilla flat ΛCDM Universe. It is calculated Legendre
transforming the Limber approximation to the projected power spectrum prediction (Kaiser 1992; Bartelmann & Schneider
2001)
Pκ(ℓ) =
∫ χs
0
dχ
g2(χ)
χ2
P 3dδ
(
ℓ
χ
, χ
)
, g(χ) =
3
2
Ωm
(
H0
c
)2
χ
a(χ)
(
1− χ
χ s
)
, κ =
∫ χs
0
dχ g(χ)δ3d(χ), (13)
where χ is the comoving distance. These approximations are appropriate for the multipole range of the map (ℓmin = 36 and
ℓmax = 6517). We use a single source redshift zs = 1 for the simulated maps. The two-point function is filtered with a spherical
top-hat filter of radius ℓcell/
√
π to account for the pixelisation. The 3d matter power spectrum in Eq. (13) is generated using
the revised version of the halo-fit model (Smith et al. 2003; Takahashi et al. 2012) as implemented in the CAMB4(Lewis et al.
2000) software. Finally, the minimal value of the convergence κ0 is given by
κ0 = −
∫ χs
0
dχ g(χ), (14)
making δ = κ/|κ0| a true averaged δ3d with weight function normalized to unity. A simulation of an observed convergence
field κobs (the ℓ 6= 0 modes of the convergence field) is simply performed as follows: i) we generate a d-dimensional lognormal
vector xi = 1 + δi following the algorithm of Carron et al. (2014) ii) we transform it to κ = |κ0|δ and finally iii) the
background mode is set to zero in all maps according to κobs = κ − κ¯. Some key parameters for the simulated maps are
κ0 = −0.06, σ2A = 0.06, PA(0)/V ∼ 3.6 · 10−4
3.1 Reconstruction of the background mode
We now test the idea of reconstructing κ¯. The likelihood for the background mode given the non-zero modes of the volume is
given by their joint PDF. In the lognormal model this is
ln p(κ¯|κobs) = −1
2
d∑
i,j=1
(
Ai(κ¯) + σ
2
A/2
) [
ξ−1A
]
ij
(
Aj(κ¯) + σ
2
A/2
)− d∑
i=1
Ai(κ¯) + const. (15)
In this equation the log-density field A is to be seen as a function of the background mode according to
Ai(κ¯) = ln
(
1 +
κobsi + κ¯
|κ0|
)
. (16)
The likelihood can be evaluated most simply using the periodicity of the box. Following our discrete Fourier transform
conventions it becomes
ln p(κ¯|κobs) = −1
2
∑
ℓ
|A˜ℓ(κ¯) + 12σ2AV δℓ0|2
V PA(ℓ)
− d
V
A˜0(κb) + const. (17)
Fig. 1 shows the posterior PDF for three different simulated maps. They are almost perfect Gaussians, with variance matching
the Fisher prediction of Eq. (9) within 2-3% for each simulation. The vertical lines show the exact background mode of the
corresponding maps. The horizontal axis is in units of (V Pδ(0))
1/2, the unconstrained root variance of κb = κ¯V . From the
4 http://camb.info/
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−3 −2 −1 0 1 2 3
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0
50
100
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200
p(κ
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Figure 1. The posterior probability for the unobserved background mode κb given the observed Fourier modes of the convergence, for
three independent simulations of lognormal convergence fields, for a ΛCDM convergence power spectrum in a 10× 10 deg2 survey with
source redshifts zs = 1. The vertical dotted lines indicates the true value of the κb in the map. The horizontal axis is in units of the root
of the unconstrained variance Pκ(0)/V of κb. The variance of each PDF follows very closely the analytical prediction given by Eq. (9).
100 1000
l
0
1
2
3
(Σ l
ln
l/2
)1/2
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0.35
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Figure 2. Leftmost panel : the diagonal elements
√
ΣℓℓNℓ/2 of the covariance matrix of a ΛCDM convergence power spectrum extracted
from a 10×10 deg2 volume with source redshifts zs = 1 in three different cases, assuming lognormal field statistics. Unity corresponds to
the Gaussian regime. In case i) no attempt to correct for the unseen background Fourier made is is made (solid), and the (co)variance is
dominated by super-sample covariance. In case ii) the background mode is reconstructed and used to recalibrate the spectrum (dotted).
Case iii) (dashed) shows the case of a perfectly known background mode for comparison. The center panel shows the matrix of correlation
coefficient Σℓℓ′/
√
ΣℓℓΣℓ′ℓ′ of the covariance matrix in cases i) (upper left corner) and ii) (lower right corner). The reconstruction of the
background mode diminishes the SSC induced correlations to the level of case iii) in the rightmost panel. The color code is the same on
both right-hand panels. Note that shape noise is not considered.
.
observed maps we define the estimator of the background mode ˆ¯κ as the argument of the maximum of ln p,
ˆ¯κ = arg max
κ¯
ln p(κ¯|κobs) (18)
We locate for each simulated map the maximum using a standard Newton-Rapshon non-linear solver scheme. To that aim
Eq. (17) and its derivatives can all be efficiently performed using FFT algorithms. We found the resulting non-linear equation
to be very well behaved, iterations with starting point 0 converging to sufficient accuracy after only a few steps.
3.2 Spectrum and covariance matrix
It is natural to use knowledge of the reconstructed background mode to recalibrate the spectrum, in analogy to dividing with
the average density for large scale structure maps. For a generic map φ, we estimate its power spectrum as follows
Pˆφ(ℓ) =
1
V
1
Nℓ
∑
ℓ′∈∆(ℓ)
∣∣∣φ˜(ℓ′)∣∣∣2 . (19)
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The quantity Nℓ is the number of modes in the bin ∆(ℓ). We use 40 bins equally spaced in ln ℓ over the full range probed by
the map. We compare the statistical properties of three slightly different maps of the convergence defined as
φ(xi) =
κobs(xi)
1 + ˆ¯δ
with case i) ˆ¯δ = 0, case ii) (RC), ˆ¯δ =
ˆ¯κ
|κ0| , and case iii)
ˆ¯δ =
κ¯
|κ0| (20)
Case i) introduces no correction to account for SSC, which is the standard approach. Case ii) corrects with the background
mode reconstructed according to our estimator defined in Eq. (18). The resulting spectrum is the renormalized convergence
(RC) spectrum. Case iii) is the hypothetical case of a perfectly known background mode for comparison. We obtain expectation
values
〈
Pˆ (ℓ)
〉
and covariance matrices Σℓℓ′ =
〈
Pˆ (ℓ)Pˆ (ℓ′)
〉
−
〈
Pˆ (ℓ)
〉〈
Pˆ (ℓ′)
〉
using a large number (> 103) of simulations.
The covariance matrices are shown on Fig. 2. The leftmost panel shows the diagonal elements
√
ΣℓℓNℓ/2 as the solid, dotted
and dashed lines for case i), ii), and iii). The prefactor of the diagonal is such that results unity for a Gaussian map. The center
panel shows the correlation coefficient matrix of the covariance Σℓℓ′
√
ΣℓℓΣℓ′ℓ′ of the spectrum in the standard approach (upper
left corner) and for the RC spectrum (lower right corner). Finally, the rightmost panel shows the correlation coefficient matrix
in case iii). It is obvious from these figures that the reconstruction works very well at decorrelating the modes, recovering a
covariance matrix closer to case iii), itself not very far from the Gaussian case.
3.3 Spectrum information content
To understand the extent to which the rescaled power spectrum recaptures information, it is necessary to evaluate its sensitivity
to parameters on top of its covariance. The left panel of Fig. 3 shows the cumulative Fisher information of the spectrum
FPα (6 ℓ) =
∑
ℓ1,ℓ26ℓ
∂
〈
Pˆ (ℓ1)
〉
∂α
[Σ6ℓ]
−1
ℓ1ℓ2
∂
〈
Pˆ (ℓ2)
〉
∂α
. (21)
on the linear amplitude α = ln σ28 for our three fiducial cases (solid, dotted and dashed). The right panel show the same
quantities for the spectral index α = ns. The derivatives were obtained with the help of finite differences. When simulating
the maps with slightly different parameter values, the reconstruction of the background mode still proceeds with the fiducial
cosmological parameters as appropriate. The upper horizontal line on each panel shows the total information content Fαα of
the lognormal map evaluated directly from Eq. 11. The impact of SSC (the difference between solid and dashed) is striking
on both panels. In the case of the RC spectrum, we include to the data vector in Eq. (21) the reconstructed zeroth mode ˆ¯κ as
the first entry. The large scale behavior of the RC curve, the dotted curve, illustrates nicely the importance of the background
mode. The RC spectrum unlock small scales information on both panels. It is, in fact, very close to the lower horizontal dotted
line, which is the Cramer-Rao bound to which we now turn.
3.4 Total information content
To determine whether there is any room for improvement for sophisticated statistical techniques, we now obtain the exact
Fisher information content of the PDF describing the observed κ map and compare to the information from RC power
spectrum. According to the Cramer-Rao bound, no alternative technique such as higher order statistics or non-linear transforms
can outperform the former amount. The exact d−variate PDF for κobs is obtained by marginalisation over the unseen κb as
follows
pobsκ (κ
obs) =
∫ ∞
−∞
dκ¯ pκ
(
κobs + κ¯
)
, (22)
on the surface
∑
i κ
obs
i /d = 0. It has no simpler analytical form in the lognormal model. Nevertheless, we can evaluate its
Fisher information content with direct Monte-Carlo integration, using a large number of simulations such as above. For each
simulation we calculate ∂α ln p
obs
κ that results from Eq. 22. This is nothing else than the average
〈
∂α ln p
true
κ
(
κobs + κ¯
)〉
κ¯
over
the almost Gaussian PDF for the zeroth mode such as those shown on Fig. 1. We evaluate this average with an accurate
Gauss-Legendre quadrature scheme. We then obtain straightforwardly the information Fαα =
〈(
∂α ln p
obs
κ
)2〉
κobs
averaging
over a sufficiently large number of simulations. The result is shown on Fig 3 as the lower horizontal dotted line. It is, in fact,
indistinguishable on this figure from the analytical estimation
F obsαβ ≃ Fαβ −
Fαδ¯Fδ¯β
Fδ¯δ¯
(23)
calculated from the results of section 2.2. This estimation is motivated by marginalization of the background mode, assuming
Gaussian statistics for the joint parameter posterior. We can conclude that in the lognormal model the mere absence of the
single zeroth mode from the data reduces its total information content by factors ∼ 10 for typical cosmological parameters;
this is certainly the most striking result of this paper. Besides, the RC spectrum captures almost optimally the information
left available.
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Figure 3. The cumulative Fisher information content on lnσ28 (left panel) and the spectral index ns (right panel) of the convergence
power spectrum in three different cases, for lognormal convergence field statistics with source redshift zs ∼ 1, and a survey volume of
10 × 10 deg2. The solid line shows the standard case where no attempt is made at reconstructing the convergence background Fourier
mode. The dashed line shows the hypothetical case of a perfect knowledge of this mode, unachievable with shear data, that is then used
to recalibrate the spectrum (RC spectrum). The dotted line shows the case where this mode is estimated from the shear field using the
statistical dependence of Fourier modes in lognormal fields and used to recalibrate the spectrum. The horizontal thin dotted lines show
the total information content of the convergence field (upper line) and that of the convergence field without background mode (lower
line) which corresponds to the case of the shear surveys. No shear-based observable can cross the latter line, showing that a large fraction
of the total information (here as much as as 90% for σ28 and 85% for ns) cannot be captured by the shear fields due to the mass-sheet
degeneracy. On the other hand the RC spectrum captures almost all information left accessible. Note that the background mode is always
estimated with the full set of Fourier modes. Shape noise is not considered.
3.5 Full sky tomographic surveys
We found in the last section that a large fraction of the information content of the convergence field is destroyed simply by the
absence of the background mode in shear observations. We now show that this effect still holds for full sky surveys and/or in a
tomographic setting, with several source redshift bins. In the latter case the cross-correlations can be used to better constrain
the background mode corresponding to a given slice. However this introduces as many new background mode parameters
as the number of source redshift bins. For simplicity, we consider in the following a log-amplitude parameter with constant
log-derivative ∂α lnPA(ℓ), similar to σ8, but the same analysis can be performed equally well for any parameter.
3.5.1 Several source redshifts
Distributing source galaxies into Nbin redshift bins results in Nbin convergence fields, and as many background modes. The
convergence power spectra in the Limber approximation become now
Pnmκ (ℓ) =
∫
dχ
gn(χ)gm(χ)
χ2
P 3d
(
ℓ
χ
, χ
)
, n,m = 1, · · · , Nbin. (24)
where gn(χ) is the lensing kernel of the corresponding bin. For simplicity we use for each slice the lensing kernel of a single
source redshift χs,n
gn(χ) =
3
2
(
H0
c
)2
χ
a(χ)
(
1− χ
χs,n
)
, with total weight κ0,n = −
∫
dχ gn(χ). (25)
We then proceed as follows: according to the previous section we use the marginalized Fisher matrix Eq. (23) to evaluate the
information content of the observations. Eq. (23) becomes in the presence of multiple redshift slices
F obsαβ = Fαβ −
Nbin∑
n,m=1
Fαδ¯n
[
F−1
δ¯δ¯
]
nm
Fδ¯mβ. (26)
We further define ǫα = F
obs
αα /Fαα, the factor of degradation on the parameter α.
To study the effect of redshift slicing we divide a source redshift interval 0.5 to 1.5 equally into a number of bins with Nbin
between 1 and 10. We then evaluate the corresponding information matrices and degradation factors, for a target resolution
ℓmax = 3258 well within the multipole range targeted by future weak-lensing surveys (this corresponds to a d = 128
2 grid for
the 10 × 10 deg2 survey configuration used earlier). To that aim we use Eqs. (9),(10) and (11), where the spectral matrices
PA and Pδ are given through the circulant embedding relation Eq. (12). Fig. 4 shows the prediction of ǫ for a log-amplitude
parameter as a function of Nbin, for a periodic 10 × 10 deg2. and 20 × 20 deg2, as the dotted and dashed lines respectively.
The figure shows that the need to calibrate Nbin parameters totally compensates the additional information provided by the
c© 2014 RAS, MNRAS 000, 1–??
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Figure 4. The impact of the mass-sheet degeneracy on cosmological constraints of a full sky cosmic shear survey assuming lognormal
field statistics for the convergence field. The solid line shows the prediction of the information degradation on parameters such as σ28
due solely to the absence of the convergence monopole in shear data. It is shown as a function of the number of source redshift bins
between z = 0.5 and z = 1.5, and ℓmax = 3258. Shape noise is not considered. The dotted and dashed lines show for comparison the
corresponding curves for smaller surveys of 10× 10 deg2. and 20 × 20 deg2.
cross-correlation between the bins.
These predictions still use the flat sky approximation and assume implicitly periodic boundary conditions. We discuss finally
the case of full sky coverage.
3.5.2 Full sky coverage
To approach the limit of full-sky coverage we first discuss the form of the degradation factor. Restricting our attention to a
log-amplitude parameter for which ∂α lnPA(ℓ) is a constant and plugging it into the relevant formulae, the degradation is
given by (here for Nbin = 1)
1− ǫ =
(
1 + 1
2
σ2A
n¯PA(0)
)2
(
1
2
+ 1
4
σ4
A
n¯PA(0)
) [1 + eσ2A + 1
n¯PA(0)
+
1
n¯
∫
d2l
(2π)2
(
Pδ(ℓ)
PA(ℓ)
− 1
)]−1
(27)
Recall that n¯ = d/V is the number density of grid points set by the resolution ℓmax of the observation according to n¯ =
ℓ2max/2π
2. It is a useful sanity check that in the Gaussian regime PA → 0 we recover ǫ = 1 i.e. no degradation. To that aim,
we first note that the prefactor on the right hand side tends to a constant since σ2A/PA(0) does so and σ
4
A/PA(0) vanishes.
On the other hand the other term is dominated by 1/n¯PA(0) so that ǫ→ 1 results. Since σ2A is fairly small in the cases that
interest us the prefactor never plays a key role in this equation. We can see that again n¯PA(0) ∼ 1 is a critical value.
The key point is that as one might expect all terms entering Eq. (27) are clearly dominated by small scales if the volume is
reasonably large, with the only exception of PA(0). To obtain the prediction for a full sky survey at a given resolution ℓmax
we can simply evaluate the necessary terms using a smaller volume while replacing PA(0) ∼ Pδ(0) by the full sky convergence
monopole Cκℓ=0/κ
2
0. The key quantity becomes the convergence monopole matrix Cℓ=0,nm. We evaluate the monopole matrix
from its linear theory prediction
Cnmℓ=0 =
2
π
∫
dk k2P lin.δ (k, 0)Wn(k)Wm(k) with Wn(k) =
∫ χn
0
dχ gn(χ)D(χ)j0(kχ), (28)
where D(χ) is the growing mode normalized to unity today, and j0(x) = sin(x)/x the zero-th spherical Bessel function. We
then obtained in the way exposed above the factor of degradation for each bin configuration investigated above. Fig. 4 shows
as the solid line the prediction of ǫ as a function of Nbin. Table 1 shows as the lower left corner the value of the monopole
matrix n¯Cnmδ,ℓ=0 for the source redshifts value given in the first line. Shown in the upper right corner are the corresponding
values for the 10 × 10 deg2 survey. The monopole matrix is somewhat reduced in the case of the full sky survey, but is still
always similar to or greater than unity, explaining the trend seen on Fig. 4. We can safely conclude that neither a tomographic
analysis nor the observation of the full sky changes our main points.
4 CONCLUSIONS AND DISCUSSION
We estimated analytically the impact of super-survey modes on the information content of cosmic convergence fields and
tested our approximations with simulations. We worked within the assumption of lognormal field statistics and derived the
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Table 1. The lower left corner shows the monopole matrix n¯Cδ,ℓ=0, for a full sky survey with source redshifts as given in the first line and
target resolution ℓmax ∼ 3000. The upper right corner shows for comparison the corresponding matrix for a 10 × 10 deg2. Values similar
or greater than unity, which we conclude is always the case in a ΛCDM universe even for full sky surveys indicate that the mass-sheet
degeneracy degrades substantially achievable constraints on typical cosmological parameters following the equations given in the text. n¯ is
ℓ2max/2π
2.
Source redshifts zs 0.50 0.75 1.00 1.25 1.50
23 / 28 17 11 7.8 6.0
12 6.1 / 11 7.3 5.4 4.2
Monopole matrix n¯Cℓ=0 7.1 3.8 2.4 / 5.3 4.0 3.1
for full sky vs 10 × 10 deg2 survey 4.9 2.6 1.7 1.2 / 3.1 2.4
3.7 2.0 1.3 0.9 0.7 / 2.0
Minimal convergence κ0 -0.019 -0.040 -0.067 -0.097 -0.130
information content of the field on the background mode, and if considered as a nuisance parameter, its degeneracy with
cosmological parameters. We paid particular attention to the impact of the absence of the zero mode of the convergence
determined from noise-free shear fields due to the mass-sheet degeneracy.
Super-survey modes can be treated as parameters similarly to cosmological parameters and marginalized over. Following
this idea, our principal result is that the absence of a single mode, the monopole, from the shear fields has drastic consequences
on its information content: perhaps surprisingly, 80%− 90% of the total information of the field vanishes in an unrecoverable
fashion for typical cases. This translates into a degradation by a factor of 2 − 3 of achievable constraints on cosmological
parameters.
Standard convergence power spectra capture even less information. We showed that the statistical dependence of non-
Gausssian Fourier modes allow the reconstruction of the unobserved background mode from the observed small scales modes.
Knowledge of this mode allows recalibration of the power spectrum, in analogy to the case of the galaxy power spectrum
(de Putter et al. 2012), through the introduction of a renormalized convergence (RC) map. The recalibration we propose
diagonalizes the covariance matrix and at the same time moderates the impact of SSC. In the configurations and methods
investigated in this paper, we found that the RC spectrum can outperfom the standard power spectrum by a factor of two.
During completion of this work we became aware of the recent preprint Li et al. (2014b), that investigates joint recon-
struction of the background mode and cosmological parameters in N-body simulations from the matter power spectrum only.
Showing comparable factors of degradation, our results are fully consistent with theirs, and show how this is a natural con-
sequence of the dynamics of the information within the full field, Eqs. (9),(10) and (11). One claim of Li et al. (2014b) that
might seem at first incompatible to our results is that the spectrum defined with respect to the local density suffers more
from degeneracies to the background mode than the spectrum defined with respect to the global density. To avoid confusion it
should be noted, however, that in the local case Li et al. (2014b) reconstructs all parameters (inclusive the background mode)
from the local spectrum. Our method first reconstructs the background mode and making profit of that knowledge we turn the
’global’ power spectrum into a local (RC) power spectrum, improving its sensitivity to traditional cosmological parameters.
Clearly we do not use it to infer the background mode itself. It is intuitively obvious that in the sole local spectrum is not
a suitable observable in order to constrain the background mode (as Li et al. (2014b) in effect show), as it is by design less
sensitive to it (de Putter et al. 2012) than the global spectrum.
While our simple modification of the power spectrum achieves significant gain for cosmological constraints, the question is
whether more advanced statistical techniques can result in further improvement. We checked carefully that the marginalisation
procedure is justified, by successful comparison to the true total information content of the observed convergence maps. Since
the latter gives the fundamental Cramer-Rao bound, we find that no other technique, such as higher-order statistics or optimal
non-linear transforms of the convergence,(Seo et al. 2011; Joachimi et al. 2011; Carron 2012), not even the sufficient statistics
(Carron & Szapudi 2013, 2014) adapted to shear fields can yield further significant improvement over our RC spectra, even
for full sky surveys. Only additional data providing information on the convergence monopole provide an alternative route to
alleviate the information loss from SSC effect. Such techniques might be built for instance on combining properly shear and
amplification measurements. The study and construction of such statistics is left for future work.
In order to obtain analytical results, and to make use of fast simulation techniques, we assumed lognormal statistics
with periodic boundary conditions and did not consider shape noise. Our conclusions might need to be modified slightly
for realistic surveys, a task left for future work. In particular, we focused on the zero mode, however, edge effects due to
survey geometry cause leakage of low-ℓ modes introducing off-diagonal elements in the covariance matrix even in the case of a
Gaussian process. Moreover, shape noise complicates the lognormal likelihood we used to reconstruct the zero mode, and this
could affect quantitatively the effectiveness of the RC power spectrum. Finally, the lognormal model is only an approximation,
in realistic cases often super-lognormal tails are observed (Das & Ostriker 2006; Takahashi et al. 2011), thus there might still
be some room for advanced statistical techniques, such as sufficient statistics to squeeze all cosmological information from the
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data. Nevertheless, lognormal statistics captures remarkably well the information content and covariances of the dark matter
field, as it has been demonstrated in a similar context (Carron & Neyrinck 2012; Carron et al. 2014) earlier, giving invaluable
analytical insights on the inherently non-Gaussian properties of the dark matter field. We are confident that the above model
is realistic enough that they shed light on the surprisingly large information loss due to the missing information on large scale
modes due to the mass sheet degeneracy, the principal result of this investigation.
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APPENDIX A: INFORMATION ON BACKGROUND MODE AND ITS CORRELATION TO
COSMOLOGICAL PARAMETERS
We derive in this section the fundamental Eqs (9) and (10) starting from the expressions for a generic field PDF, Eqs. (6) and
(7). The case of a zero ensemble mean Gaussian field with two-point function ξδ(xi, xj) (a d × d matrix ξδ,ij) is of a useful
warm up exercise and straightforward. From ln pδ = − 12δtξ−1δ · δ + const. follows
− ∂ ln pδ
∂δ¯
= 1tξ−1δ · δ and −
∂2 ln pδ
∂δ¯2
= 1tξ−1δ · 1. (A1)
We have introduced the vector 1 = (1, · · · , 1)t. Taking the average results in
Fαδ¯ = 0, Fδ¯δ¯ = 1
tξ−1δ · 1 (A2)
On a regular grid with periodic boundary conditions (or full sky coverage), the last sum results in
Fδ¯δ¯ = 1
tξ−1δ · 1 =
(
V
Pδ(0)
)
, where
〈
δ˜kδ˜
∗
k′
〉
= δ
kk
′ V Pδ(k). (A3)
Due to the statistical independence of modes in the Gaussian field, the information on the background mode is simply its
inverse variance in the volume, as expected.
A1 Background mode in the lognormal field
The lognormal field is defined through ln pδ = − 12 (A− A¯)tξ−1A · (A− A¯)− 1 ·A+ const, where A = ln(1 + δ) is the Gaussian
log-density field. For the purpose of this section A¯ = −σ2A/2 denotes the ensemble mean of A and no spatial average.The
second term in ln pδ is the Jacobian of the transformation from δ to A. Clearly, ∂Ai/∂δj = δij/(1 + δj) = δije
−Aj . It follows
− ∂ ln pδ
∂δ¯
= (A− A¯)tξ−1A · e−A + 1 · e−A. (A4)
and
− ∂
2 ln pδ
∂δ¯2
= e−A,tξ−1A · e−A − (A− A¯)tξ−1A · e−2A − 1 · e−2A. (A5)
Also,
− ∂
2 ln pδ
∂δ¯∂α
= −(A− A¯)tξ−1A
∂ξA
∂α
ξ−1A · e−A −
∂A¯
∂α
1
tξ−1A · e−A. (A6)
To obtain the information we need to obtain the average of these expressions with respect to the Gaussian PDF for A. It is
useful to derive an intermediate result as follows. Define the vector v = ξ−1A (A − A¯) and the density map ρ = exp(A). All
needed quantities can be written in terms of averages of the form
〈ρmvn〉 = ∂
|n|
∂sn
∣∣∣∣
s=0
〈
em·A+s
tξ−1
A
·(A−A¯)
〉
(A7)
for multiindices n = (n1, · · · , nd),m = (m1, · · · ,md). The expectation value is now a standard Gaussian integral, that results
in
〈ρmvn〉 = 〈ρm〉 ∂
|n|
∂sn
∣∣∣∣
s=0
e
1
2
stξ−1
A
·s+s·m with 〈ρm〉 = exp
(
A¯ 1 ·m+ 1
2
m
tξA ·m
)
. (A8)
The quantities we need follow directly〈
vi
1
ρj
〉
= −δij
〈
1
ρj
〉
,
〈
vi
1
ρ2j
〉
= −2δij
〈
1
ρ2j
〉
and
〈
1
ρi
〉
= eσ
2
A ,
〈
1
ρiρj
〉
= e2σ
2
A+ξA,ij = e2σ
2
A (1 + ξδ,ij) . (A9)
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Putting all this together gives in general
Fδ¯δ¯ = e
2σ2A
[
d eσ
2
A + 1tξ−1A · 1+Tr ξ−1A ξδ
]
and Fαδ¯ = e
σ2A
[
1
2
∂σ2A
∂α
1
tξ−1A 1+ Tr ξ
−1
A
∂ξA
∂α
]
. (A10)
For a periodic volume we can simplify further to
Fδ¯δ¯ = e
2σ2A
[
d eσ
2
A +
(
V
PA(0)
)
+
∑
k
Pδ(k)
PA(k)
]
and Fαδ¯ = e
σ2A
[
1
2
∂σ¯2A
∂α
(
V
PA(0)
)
+
∑
k
∂ lnPA(k)
∂α
]
. (A11)
The case of a tomographic configuration with several jointly lognormal fields is not more difficult. The only differences being the
covariance matrices ξij at fixed xi, xj are now Nbin dimensional matrices as discussed in the text. This leads straightforwardly
to the expressions in the text.
A2 Including κ0 dependence
In the lognormal model of the convergence field the density fluctuation δ = κ/|κ0| carries a cosmological parameter dependence
through the geometrical factors entering |κ0|. In this paper we investigated σ8 and ns for which there is no such dependence.
For completeness we present here the above results in the most general case.
The presence of κ0 introduces additional terms according to ∂αA =
(
e−A − 1) ∂α ln κ20/2. The resulting terms are thus of
precisely the same type than for the background mode calculation, and all the necessary results are present above. We simply
state the final results. The Fisher matrix on cosmological parameters can now be decomposed as the sum of three positive
terms as follows
Fαβ =
V
PA(0)
(
1
2
∂σ2A
∂α
+
1
2
∂ ln κ20
∂α
σ2δ
)
(α↔ β) + 1
2
∑
k
[(
∂ lnPA(k)
∂α
+ eσ
2
A
∂ lnκ20
∂α
)
(α↔ β)
]
+
e2σ
2
A
4
∂ ln κ20
∂α
∂ lnκ20
∂β
(
d(eσ
2
A − 1) +
∑
k
(
Pδ(k)
PA(k)
− 1
))
.
(A12)
Likewise, the degeneracy between background modes and parameters breaks down into
Fαδ¯ = e
σ2A
[
1
2
∂σ2A
∂α
(
V
PA(0)
)
+
∑
k
∂ lnPA(k)
∂α
]
+
1
2
∂ ln κ20
∂α
[(
V
PA(0)
)(
σ4δ + σ
2
δ
)
+ de3σ
2
A + e2σ
2
A
∑
k
Pδ(k)
PA(k)
]
. (A13)
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